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The limits of application of "single- particle"and "quasihomogeneous liquid" 
models are established on the basis of analysis of Couette flow for a dust- 
laden gas. 

The rate of transfer processes in flows of gas suspensions is determined largely by 
hydromechanical and thermal conditions in the boundary region of the flow. Radial trans- 
port of particles due to pulsative motion of the carrying medium, particle collisions, and 
various forces acting on the particles [i] in this region may have significant effects in 
terms of particle deposition on the walls, convective heat transfer, etc. The complexity 
of analytically describing the boundary region of gas suspension flows often makes it nec- 
essary either to assume that the particles have no effect in the characteristics of the 
continuous medium [2, 3] or to represent the entire flow in the form of a certain quasi- 
liquid with effective parameters. Obvoiusly, such approaches can be used only within a 
limited range of values of the determining parameters. For example, studies conducted 
earlier made it possible to determine the limits of application of a "quasihomogeneous li- 
quid" approximation for convective heat exchange with gas suspension flows [4], heating of 
a gas suspension by powerful radiant flows [5], and complex heat exchange [6]. 

In the present work, features of friction and heat transfer are examined with reference 
to the boundary zone of dust-laden flows for different variants of transverse motion of the 
components (transverse motion of the gas with particles, transverse motion of the particles 
only, fromand to the wall). 

The two-phase Couette flow depicted in Fig. i will be used for the model of the bound- 
ary region of the gas suspension flow. In using this model, longitudinal flow is usually 
assumed to be nongradient. It may also be assumed that momentum and heat transfer due to 
particle collisions are negligibly small, and that the physical properties of the components 
are independent of temperature. The initial system of equations of motion and energy of the 
gas suspension flow under these conditions have the following form for viscous flow: 

du du~ d2u 
v - - + ~ v t  . = v - - ,  (1) 

dy dg dg 2 

d~, dvt d2v ( 2 )  
v - -  -J- ~ v  t - -  = v - -  

dv d~ d~ ' 

dt ct dtt ;~ d21 
v - - f f - ~ - - v  t " - -  ( 3 )  

dg cp dF pcp dg a 

In writing the motion and energy equations for the components, it is assumed that the trans- 
fer of momentum between the particles and the carrying medium is described by Stokes' law 
and that the heat exchange between them is mainly by conduction. Then for the solid parti- 
cles 

dv~ = 189v(v---v 0 Ptvtct dtt 6~t (t--~O" (4) 
Ptvt dg ~2 , d y  - -  dt 
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Fig. 1 Fig. 2 

Fig. i. Diagram of two-dimensional Couette flow with transverse mass transport: 
a, b) injection and withdrawal of gas suspension; c, d) ablation and deposition 
of particles; I) particles; 2) gas. 

Fig. 2. Regions of applicability of approximate models in the withdrawal of a 
gaseous suspension: A) "single particle"; B) two-component;C) quasiliquid; i) 
Reo = 5; 2) i0; 3) 15; 4) 20. 

The following variables can be used in changing over to dimensionless form: 

Y :  g-Y-" X :  x . U u . Ut u t - - u t o  " Vt v t  
5 6 u u Vto 

t - - t o  f t . / t o  R e o - -  v t~  , R e  u 6 

8 18 p ~ , 6 /  X Pu2~ ' 

Nuw = o~8  , Nut  = ~ztdt , P r  = ~,/a, 

P I~ vt  I 3 P t 
t~p 1 - - ~  9 v 1 - - 1 ]  9 

9" 

(5) 

where ~w = qwl(t~ - to); Tp = 0td~ll8p~. 

The boundary conditions, the character of relative motion, and the possible simplifi- 
cations in the mathematical description differ significantly for different schemes of motion 
of the components. Transverse flow without stagnation is examined for injection and with- 
drawal (by suction) of the gas suspension (v = v t = const). In ablation and deposition, 
there is viscous drag exerted on the particles through the height of the bed (vt~ = c0nst), 
there is no gas flow rate in the transverse direction, the mass concentration of the parti- 
cles is usually very small (~ < I), and it may be approximately assumed for these conditions 
that (i-- ~) = i. 

The,works [7-11] use the Couette flow model as the basis for studying the possible 
effect of transverse motion of the solid component on the characteristics of the carrying 
medium for individual flow schemes. The data in [7-11] makes it possible to qualitatively 
analyze the nature of the effect of certain characteristics of the solid component, but does 
not establish the interaction of the flow with the wall and the possibility of using approxi- 
mate models. To solve these problems, in analyzing particle deposition we will henceforth 
examine the system of motion and energy equations for the solid component (4) and the flow 
(].)-(.3) with the following boundary conditions: 

Y : 0 ,  U : T : 0 ;  Y :  1, U : T :  1, Ut ~ T t  : 0 ,  ~ = 1. ( 6 )  

The equation of transverse motion of the solid component, with allowance for (6), can be 
solved independently af the remaining equations: 
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Vt = 1 - - ~ ( 1 - - Y ) .  (7) 
Stk 

If we know Vt, then, in a manner similar to [i0], we can make the substitution 

n ~ --  4Re0 Stk Vt ,% (8) 

and r e d u c e  t h e  s y s t e m  o f  m o t i o n  e q u a t i o n s  to  t h e  fo rm o f  a m o d i f i e d  B e s s e l  e q u a t i o n  which  
can  be  s o l v e d  i n d e p e n d e n t l y  o f  t h e  e n e r g y  e q u a t i o n s :  

Eu*'R% 
U t = n [cJ, (n) + cdq (tO] + - - ,  

Re0~0 (9) 

EH*Re 
U = l-n2 [ - -  cxl z (n) -]- c2f  ~ (n)] + ~- + ut '  , (10) 

2 Reo.% u 

Eu* Reogo__ ,~" [c11, (n6) + c2K2 (n~)]. 
R% 

(11) 

Introducing the notation 

( 0 = / ~  ( ~td t  I/2,~ 
- - ~  } - -  n 2V0273 (12) 

(since Nu t = 2 and Cp/C t = i, Pr = 2/3), we can obtain a solution for the energy equations 

Tt = eo [cj1 (o~) + qK~ (~)] + 
Nu w Cp 

Re0Pr>0 ct 

1 Nu~ cp fo - -  &o 
T = ~ o~ 2 [--  caI2 (o)) @ c~K2 (@] -}- 

2 ReoPrl*o c, t t --t o " 

(13) 

(14) 

The integration constants cI, c2, cs, and c~ are determined from the boundary conditions 
(6). The rate of heat transfer from the flow to the wall with boundary conditions (6) and 
low radiative transfer is determined by the expression 

Nu~ - - -  ~ [caI1 ( ~ )  + c~K1 (~)]  ReoPrFoCt,/%. (15) 

Us ing  t h e  r e l a t i o n s  o b t a i n e d  and t a b u l a t e d  v a l u e s  o f  f i r s t -  and s e c o n d - o r d e r  B e s s e l  f u n c t i o n s  
o f  t h e  f i r s t  and s e c o n d  k i n d ,  we can  c a l c u l a t e  t h e  v e l o c i t y  and t e m p e r a t u r e  f i e l d s  and t h e  
rates of thermal and hydrodynamic interaction of the flow with the wall for different param- 
eters of the gas suspension flow in the case of particle deposition, 

For particle ablation, the solution is obtained in a manner similar to [i0]. 

Again using the Couette flow model as a basis, a study was made of the velocity and 
temperature fields for the cases of the motion of a gas suspension flow through a boundary 
layer from a wall [9] and to a wall [8]. For the cases of injection and withdrawal of the 
gas suspension, the initial system of equations consisted of the motion and energy equations 
of the solid and gaseous components, obtained from (1)-(3). In contrast to the dimensionless 
variables (5) introduced earlier, U t = ut/u~ and T t = (t t -- to)/(t~ -- to). It should also 
be noted that at ct/c E = i, Nu t = 2 (this is acceptable in studying gas suspension flows with 
moderate velocities ot relative particle motion), similitude of the velocity and temperature 
fields of the components is observed. The solution for injection of the gas suspension is 
obtained with the boundary conditions 

Y = 0 ,  U = ~  = 0 ,  T = T  t = 0 ;  Y =  1, U =  1, T =  I. (16) 

For the case of withdrawal of the gas suspension with the boundary conditions 

Y = 0 ,  U = T = 0 ;  Y----l ,  U = U t = T = T t = I  (17) 

23 



we can obtain 

U = (1 - -  k 1 Stk)[1 - -  exp (k,Y)]  - -  (kl exp kl/k. 2 exp k,_,) X (1 -- .  k~ S tk) ( l  - -  exp(k2Y) 

(1 - -  k,  S tk  - -  exp  kl) - -  (k, exp k jk~  exp k.2) • (1 - - k  2 S tk  - -  exp k2) 
(18) 

U t = [1 - -  kl S t k - -  exp (k,Y)] - -  (kl exp  kjk~. exp k2) • [1 - -  k= S tk  - -  exp (k2Y)] , ( 1 9 )  

(1 - -  k~ S tk  - -  exp kl) - -  (k 1 exp lel/le, exp k2) • (1 - -  k2 S tk  - -  exp k~)  

[ V ~ 4ReoStk(l+~%) J kl,2 - -  1 - -  Reo S tk  1 _ 1 + �9 ( 2 0 )  
2 S tk  (Reo S tk  - -  1)~- 

It is not hard to show that the expressions obtained for the velocity fields can be used to 
obtain solutions for the case of injection (withdrawal) when the concentration of solid 
particles is vanishingly small (~p + 0). The velocity distribution of the gas in this case 
is similar to the distribution in the case of homogeneous injection (withdrawal): 

U = 1 - - e x p ( _  ReoY ) ( 2 1 )  

I - -  exp ( _  Reo) 

Accordingly, for the solid component in the case of injection 

U t =  
1 - -  exp (ReoY) q-  ReoStk  [ 1 - -  exp ( - -  Y/Stk)]  

(1 -t- ReoStk)[1 - -  exp  ( - -  Reo)l (22) 

and in withdrawal of the gas suspension 

U t z 

1--exp -- 0oY,+  eoStkIl--oxp (  eoStkstk -- Y't ] 
{1 ~- ReoStk)[1 - -  exp ( - -  Reo)] 

(23) 

In the case of injection or withdrawal at Stk + O, the particles and gas move at nearly the 
same speed, i.e., there is quasihomogeneous injection (withdrawal): 

U = U t  = 1 - - e x p [ _ R e o ( 1  ~ - ~ p ) Y ]  
1 - -  exp [ ~  Reo (1 + ~p)] ( 2 4 )  

The resulting relations (7)-(15) and (18)-(24) can be used to calculate velocity and tempera- 
ture fields in the boundary region for different schemes of motion of the components. How- 
ever, it is usually integral characteristics of the dynamic and thermal interaction of the 
flow with the wall that are of the greatest interest. The intensity of such interaction can 
be calculated from the velocity and temperature fields, determined with allowance for the 
considerable heterogeneity of the flow ((18)-(19)), and can also be evaluated from approxi- 
mate relations obtained either with the assumption of a quasihomogeneous mixture (24) or for 
a "single particle" (21). Obviously, comparing the results of calculations with these re- 
lations would make it possible to determine the limits of applicability of the corresponding 
approximations in calculating the interaction of the flow with the wall. 

As an example, Fig. 2 shows the results,of a similar analysis for the case of withdrawal 
of a gas suspension. Curves 1-4 correspond to a 5% deviation of the shear stresses on the 
wall, calculated from the approximate relations, from the values obtained with allowance for 
the heterogeneity of the flow. Region A corresponds to the absence of an effect by the par- 
ticles on the velocity and temperature fields of the gas ("single particle"); region C cor- 
responds to the quasihomogeneous approximation; region B characterizes the case where the 
heterogeneity of the particles exerts a substantial effect. The relations StkaDx = f~(Reo, 

- a 
pp) and Stkap2 = fa(Reo, ~p) represents the limits of application of the corresponding p- 
proximations. Region A has the highest values for thermal and velocity slip of the compo- 
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stk- I ',o : ~ ~  

Fig. 3. Limits of application of the "single particle" approximation 
(region A) in particles deposition (solid lines) and ablation (dashed 
lines): i) Reo = 5; 2) i0; 3) 15; B) region of significant effect of 
heterogeneity. 

nents is vanishingly small for region C, but the effect of the impurities on the velocity 
and temperature profiles of the gas component is greatest~ At very low concentrations 
(~p ~i0 -I, Fig. 2), the effect of the particles on flow characteristics is so slight that 
the relations for a quasihomogeneous fluid give the same results as for a homogeneous gas. 
The results obtained permit us to quantitatively determine the limits of application of the 
respective approximations. For example, in turbulent pipe flow, if we take the transverse 
velocity of the suspension (of a pulsative nature, say) to be equal to the dynamic velocity 
then Reo ~ vo~/v ~ i0 on the boundary of the viscous sublayer. Then, in accordance with 
Fig. 2, the quasihomogeneous fluid approximation can be used at ~p ~ 2 for Stk < 1.8.10 -3 
(which, at pt/p : 2000, is equivalent to dt/~ 41.3.10-3). Given the same parameters, the 
"single particle" approximation can be used for the cases Stk > 5 (equivalent to dt/~ 
6.7.10-2). In both cases, an increase in the flow-rate concentration leads to an increase 
in the size of the zone Stkap < Stk < Stkap 2 in which use of the approximations would be 
incorrect, i 

Similar laws are found in analyzing the temperature fields from heat-exchange conditions 
on the wall. 

Analysis of the results obtained shows that the "smallness" of ~p or Stk is not a suf- 
ficient condition for substantiated selection of an approximate model in calculating the 
boundary region in dust-laden flows, and that the deviation may be substantial with an in- 
crease in concentration in evaluating heat flows or shear stresses from the approximate re- 
lations (at ~p = 0.2, e.g., the error may be about 30%; at ~p = i, it may be about 75%). 

For the case of injection of a gas suspension, the region of effect of heterogeneity 
with regard to Stk (at Reo and ~p = idem) is approximately two orders broader than in the 
case of withdrawal. This is a consequence of the significantly greater thermal and veloc- 
ity slip of the particles in direct proximity to the wall (Y = 0) for the conditions of 
gas suspension injection. 

A similar analysis for the cases of ablation and deposition of particles from the con- 
ditions of friction and heat exchange at the wall (Fig~ 3) was done only for the "single 
particle" approximation (~ + 0). The results of the calculation using the relations ob- 
tained were compared with the velocity and temperature distribution in a Couette flow without 
transverse motion of the components. Since there is no companion motion of the gas in the 
transverse direction (G = 0) in ablation and deposition, the notion of a flow-rate concen- 
tration ~p loses significance and is not used. Instead, we assign the true mass concentra- 
tion of the particles ~o at the flow inlet as the determining parameter. Conducting an 
analysis with the rel~tions (9)-(11), (13)-(15) is a laborious task, since choosing among 
the variants necessarily involves repeated calculations of Bessel functions. Thus, the an- 
alysis was performed on the basis of a numerical solution of the initial system on a BESM-4 
computer by the Kutta--Merson method. A minimal Stokes number follows from the condition of 
constancy of the flow rate of the solid component in the transverse directions, i.e., the 
absence of accumulation of particles in the flow, and, in accordance with boundary condi- 
tions (6), Stkmin~l. Since particle drag occurs in the present case, the dependence of 
Stka 2 on the Reynolds number will be different than in the case of injection and withdrawal 
of t~e suspension. The larger Reo (calculated for the transverse velocity), the greater 
the phase interaction and the more substantial the effect of the particles on the gas. 
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Thus, with an increase in Reo, the inertial parameter of the impurity for the "streaming" 
should be greater and, in accordance with Fig. 3, substantiated selection of computation 
models is essential -- even for flows with a low dust content (~ < 1 [12]). For Reo = idem 
and ~o = idem, the absolute slip (U -- U t) at Y = 0 is greater in deposition than for the 
case if ablation, so the region of the effect of heterogeneity will be broader. 

The results obtained show that the selection of models for calculating processes in 
the boundary zone of gas suspension flows cannot be arbitrary, and the most c0mmonly-used 
models -- "single-particle" and "quasihomogeneous fluid" -- have strictly defined limits of 
application (see Figs. 2 and 3). These limits can be refined for specific conditions by 
allowing for additional force factors, features of flow at high velocities, compressibility 
of the gas, and the effect of temperature. 

NOTATION 

p, density; ~, kinematic viscosity; ~, thermal conductivity; Cp, ct, heat capacity of 
t -- he gas and the material of the solid particles; ~, ~, B, flow-rate mass, true mass, and 
volume concentrations; dt, particle diameter; 8, dlstance between plates; y, transverse 
coordinate; v, u, transverse and longitudinal velocities; t, temperature; To, shear stresses 
on the wall; I,, I=, KI, K2, modified first- and second-order Bessel functions of the first 
and second kind. Indices: 0, ~, parameters on the bottom and top plates; t, solid component. 
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